Abstract. We observe that the Poincaré duality isomorphism for a string manifold is an isomorphism of modules over the subalgebra A(2) of the modulo 2 Steenrod algebra. In particular, the pattern of the operations Sq 1 , Sq 2 , and Sq 4 on the cohomology of a string manifold has a symmetry around the middle dimension. We characterize this kind of cohomology operation duality in term of the annihilator of the Thom class of the negative tangent bundle, and in terms of the vanishing of top-degree cohomology operations. We also indicate how the existence of such an operation-preserving duality implies the integrality of certain polynomials in the Pontryagin classes of the manifold.
Introduction
The special orthogonal group SO(n) is a 0-connected cover of the orthogonal group O(n), and the spin group Spin(n) is in turn a 2-connected cover of the orthogonal group. The next stage of this progression is the string group String(n), which is a 6-connected cover of the orthogonal group. Altogether there is a sequence of topological groups, and a corresponding sequence of classifying spaces:
The latter sequence realizes the early stages of the Whitehead tower of BO(n)-indeed for many years, before Tom Goodwillie's elegant denomination "BString", the space BString(n) was simply referred to as "BO(n) 8 ". The string group is not a Lie group, and therefore requires some care to define; nevertheless there are by now many constructions of String(n), including those based on bundle gerbes [6] , 2-groups [4, 8, 12] , von Neumann algebras [13] , and conformal field theory [7] .
A manifold M admits an orientation, a spin orientation, or a string orientation if the classifying map τ : M → BO(n) of its tangent bundle has a lift to, respectively, the classifying space BSO(n), BSpin(n), or BString(n). There are corresponding notions for the stable tangent bundle: a manifold is stably orientable, stably spin orientable, or stably string orientable if for some m the sum τ ⊕ǫ m of the tangent bundle with a trivial bundle admits a lift to BSO(n+m), BSpin(n+m), or BString(n + m), respectively. Note, though, that a manifold is stably orientable, stably spin orientable, or stably string orientable if and only if it is respectively orientable, spin orientable, or string orientable. A manifold M equipped with a particular lift of the map τ : M → BO(n) to BString(n) is called a "string manifold" or a "string oriented manifold"; however, we sometimes abuse terminology and refer to the mere existence of such a lift by saying that "M is string".
As their name would suggest, string manifolds play a fundamental role in string theory, analogous to the role spin manifolds play in quantum mechanics. Specifically, the propagation of a quantum particle has a global world-line anomaly unless spacetime is a spin manifold. Similarly the propagation of a quantum string has a global world-sheet anomaly unless spacetime is string. This observation goes all the way back to Killingback [9] . Around the same time, Witten [14] related string manifolds to elliptic cohomology by constructing a modular-form-valued invariant
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for string manifolds-this invariant quickly became known as "the Witten genus". The modern formulation [1, 2] of this relationship is that there is a map of commutative ring spectra σ : M String → T M F from string bordism to the spectrum of topological modular forms. In particular, an n-dimensional string manifold represents a class in the bordism group M String n and therefore determines a class in the coefficient group T M F n -that class is the pushforward to a point of the T M F -fundamental class of the manifold.
As oriented manifolds exhibit Poincaré duality for integral homology, and spin manifolds exhibit Poincaré duality for real K-theory, so string manifolds exhibit Poincaré duality for T M Fcohomology. In this sense, the existence of a string orientation on a manifold tends to be patently visible from its T M F -cohomology. Computing T M F -cohomology is not, however, an easy matter. The purpose of this note is to observe that string orientations also control duality properties in ordinary cohomology, not through duality of cohomology groups but through duality of certain cohomology operations. Specifically we show that in the cohomology H * (M ; F 2 ) of a string manifold M , the pattern of the operations Sq 1 , Sq 2 , and Sq 4 has a symmetry around the middle dimension; similarly in the cohomology H * (M ; F 3 ) the operations β and P 1 are symmetrically distributed. In particular, any asymmetry among these operations obstructs the existence of a string orientation. In a great many examples, this recognition principle obviates the need to do even the simplest characteristic class computations to determine that a manifold cannot be string.
In section 2 we introduce the notion of Poincaré self-duality with respect to a collection of cohomology operations, and show that on a manifold this duality can be detected by examining which operations annihilate the Thom class of the negative tangent bundle. By relating that annihilation condition to the vanishing of characteristic classes, we then present our basic recognition principle for string orientations on manifolds. We proceed to completely characterize Poincaré self-duality in terms of operations into the top-degree cohomology group, and to describe integrality results for the Pontryagin classes of Poincaré self-dual manifolds. In section 3 we illustrate the preceding results in a variety of examples. In particular we include pictures of the cohomology of real, complex, and quaternionic projective spaces, and of G 2 -and F 4 -homogeneous spaces, which exhibit different aspects of the duality recognition principles. The appendix contains a portrait of the subalgebra of the Steenrod algebra relevant for the cohomological duality of string manifolds.
Poincaré self-duality and string obstructions
Throughout p is prime, and A denotes the modulo p Steenrod algebra. Recall that any finite spectrum X has a Spanier-Whitehead dual, that is a spectrum DX and a map DX ∧ X → S such that the resulting homomorphisms H i (X; Z) → H −i (DX; Z) and H i (DX; Z) → H −i (X; Z) are both isomorphisms. Definition 2.1. Let Θ = {θ i , i ∈ I} ⊂ A be a collection of Steenrod operations, and let A Θ denote the subalgebra of the Steenrod algebra generated by Θ. A finite CW complex X is Poincaré self-dual with respect to the operations Θ, if for some n there exists an isomorphism
between the cohomology of DX and X as modules over the subalgebra A Θ .
We also refer to the cohomology H * (X) directly as being "Poincaré self-dual", in case the space X is Poincaré self-dual.
We will be particularly concerned with the following subalgebras of the Steenrod algebra:
We sometimes use the notation A(k) 2 or A(k) p in order to explicitly specify the prime in question. Our first observation provides a simple criterion for Poincaré self-duality when the space in question is a manifold. Theorem 2.2. If M is an n-dimensional manifold, and Sq
Proof. Atiyah [3] identified the Spanier-Whitehead dual DM with the Thom spectrum M −τ of the negative tangent bundle. The Thom isomorphism provides a natural cohomology isomorphism
It therefore suffices to check that the Thom isomorphism is a module map for the algebra A(k). The hypothesis Sq
. As a result, for all i ≤ k we have
The analogous result holds at odd primes: if the operations β,
Note that the homology H * (X; F p ) of a space has a left action of the Steenrod algebra, defined by χ(Sq
is the Kronecker pairing, and χ is the canonical antiautomorphism. Indeed, the cohomology H * (DX; F p ) of the SpanierWhitehead dual is isomorphic to the homology H − * (X; F p ) as a module over the Steenrod algebra.
Corollary 2.3. If M is a manifold and the algebra A(k) annihilates the Thom class
It is a familiar fact that in an oriented manifold, the nontrivial Bockstein homomorphisms β are distributed symmetrically around the middle dimension-see for example the picture of the modulo 3 cohomology of F 4 /G 2 in Figure 4 . Using Theorem 2.2, we derive analogous results for spin and string manifolds, as follows. Proof. As before, let τ denote the tangent bundle of the n-dimensional manifold M . If M is spin then w 1 (τ ) and w 2 (τ ) both vanish. This implies that the inverse Stiefel-Whitney classes [11] Proof. By the assumption, the classes w 1 (τ ), w 2 (τ ), and p1 2 (τ ) vanish. The reduction modulo 2 of p1 2 is w 4 . As in the spin case w 1 (−τ ) and w 2 (−τ ) vanish, and similarly
vanishes. Again Thom's identity handles the rest. All oriented manifolds are Poincaré self-dual with respect to the odd Bocksteins. For the remainder of A(1) 3 , note that the modulo 3 reduction
and, by Wu [15] , there is a 3-primary Thom identity 
The modulo 5 Serre spectral sequence for K(Z, 3) → BString → BSpin shows that the reduction [p 2 ] of the second Pontryagin class generates
2 therefore both vanish when the manifold in question is 5-brane. The 5-primary Thom identity p Remark 2.8. The pullback of the second Pontryagin class p 2 to BString is 6 times the 5-brane obstruction class φ ∈ H 8 (BString; Z); we therefore refer to φ as " p2 6 ". The 6-divisibility of p 2 can be determined by comparing H 8 (BString; Z) to H 8 (BU 8 ; Z), via either the complexification map BString → BU 8 or the inclusion BU 8 → BString; the Chern class c 4 is 6-divisible in BU 8 by a direct Serre spectral sequence computation. The general divisibility of the Pontryagin classes p k in H 4k (BO 4k ; Z), namely (2k − 1)! if k is even and 2 · (2k − 1)! if k is odd, is due to Bott [5] .
Note that p2 6 is a more intricate obstruction than p1 2 . The latter reduces modulo 2 to w 4 and modulo an odd prime p to p+1 2 p 1 . The former reduces modulo 2 to w 8 and modulo p > 3 to p+1 6 p 2 or 1−p 6 p 2 , but there is no primary characteristic class that controls the modulo 3 reduction of p2 6 . This complexity is illustrated in section 3 by the homogeneous space F 4 /G 2 . Proposition 2.9. If the manifold M is stably framed, then for any prime p, the cohomology H * (M ; F p ) is Poincaré self-dual with respect to the entire Steenrod algebra.
Proof. As modules over the Steenrod algebra, we have isomorphisms
The above propositions describe obstructions to manifolds admitting spin, string, 5-brane, or stably framed structures, and can be reformulated as simple recognition principles-we do so in the string case:
If with target the top-dimensional cohomology group H n (M ), then the cohomology H * (M ) has an operational asymmetry that prevents the existence of a string orientation on M . In fact, the existence of an operation into the top-dimensional cohomology group completely detects whether or not the manifold is Poincaré self-dual with respect to the corresponding subalgebra of the Steenrod algebra. The general 2-primary result is as follows. Proof. The Wu classes v i realize the top-degree Steenrod operations in terms of the cup product, in the sense that
If the operations Sq 1 , Sq 2 , . . . , Sq 
More concisely, the total Stiefel-Whitney class w(τ ) is Sq(v), the total Steenrod operation on the total Wu class. The vanishing of the Wu classes implies that w i (τ ) = 0 for i < 2 k+1 ; the inverse classes w i (−τ ) therefore vanish in the same range. Finally the Thom identity
shows that the corresponding Steenrod operations on the Thom class vanish. Theorem 2.2 ensures that the cohomology is Poincaré self-dual with respect to A(k). The converse is immediate.
The corresponding odd-primary result is that the operations P 1 , P p , . . . , P p k−1 into the top degree cohomology H n (M ; F p ) vanish if and only if the oriented manifold M is Poincaré self-dual with respect to A(k) p .
The proof of Theorem 2.10 illustrates the fact that we can rephrase the vanishing of those top Steenrod operations in terms of the vanishing of characteristic classes. For instance, in the proof of Proposition 2.5 we already saw that a manifold is Poincaré self-dual with respect to A(2) 2 if and only if w 1 , w 2 , and the modulo 2 reduction p1 2 2 all vanish; similarly, Poincaré selfduality with respect to A(1) 3 is equivalent to the vanishing of [p 1 ] 3 . Though the corresponding p-primary statements for p > 3 are less closely related to string manifolds, Poincaré self-duality in those cases nevertheless detects interesting integrality conditions on polynomials in the Pontryagin classes, as follows. By "the k th Newton polynomial" we will mean the polynomial N k expressing the k th power sum polynomial in terms of the elementary symmetric polynomials; that is, N k (σ 1 , . . . , σ k ) = i x k i . Proposition 2.11. Let p be an odd prime. An oriented manifold M is Poincaré self-dual with respect to the algebra A(1) p if and only if the (
th Newton polynomial in the Pontryagin classes of M is divisible by p.
Proof. The (
th Newton polynomial in the modulo p Pontryagin classes is called the first pprimary Milnor-Wu class q 1 [10] . This class satisfies a Wu identity
, a Thom identity P 1 u = q 1 (−τ ) ∪ u, and the inverse relation q 1 (−τ ) = −q 1 (τ ). If the manifold M is Poincaré self-dual with respect to A(1) p , then the operation P 1 into the top degree vanishes; the class q 1 (τ ) vanishes in turn. Conversely, the orientability of the manifold M ensures that βu is zero; if the class q 1 (τ ) is zero, then P 1 annihilates the Thom class u and the manifold is Poincaré self-dual, as desired.
For example, a manifold is Poincaré self-dual with respect to A(1) 5 , A (1) 
Examples
In this section we give a variety of examples illustrating the recognition principles described above. Table 1 lists the various manifolds we consider, in each case indicating whether the manifold is spin, string, or 5-brane, and noting what phenomenon obstructs the existence of the first of those structures it fails to possess. The cohomologies of many of these manifolds, as modules over the appropriate subalgebras of the Steenrod algebra, are drawn in Figures 2, 3 , and 4-unless otherwise indicated the picture is of the modulo 2 cohomology. In the appendix, we include a complete depiction of the algebra A(2) at the prime 2, which is helpful in computing cohomology of spaces as A(2)-modules, therefore in detecting obstructions to string orientations. In Figure 2 , the real projective spaces vividly display the 2-primary obstructions. A more involved computation shows that the modulo 2 cohomology of the quotient of G 2 by either the short root U (2) or the long root U (2) appears as in Figure 3 ; neither, therefore, is spin. The quotient G 2 /SO(4) provides perhaps the clearest and most elegant example of our string obstruction principle. As a module over A(1) 2 , the cohomology H * (G 2 /SO(4); F 2 ) is symmetric, realizing in degrees 2 through 6 the "joker" Steenrod module. Still, there is an apparent Sq 4 operation asymmetry, and this homogeneous space is therefore not string. Note that even if the Sq 4 operation in H * (G 2 /SO(4); F 2 ) were absent, this cohomology module would still fail to have "string symmetry": the nontrivial Sq 2 Sq 2 = χ(Sq 4 ) in degree 2 has no symmetrically corresponding Sq 4 operation. There exist bases of the modulo 2 and modulo 3 cohomology of the G 2 -flag manifold G 2 /T such that the Steenrod operations appear as in Figure 3 . These cohomologies are symmetric with respect to the full algebras A 2 and A 3 . This manifold is string, as can be determined directly by analyzing the fiber bundle SU (3)/T → G 2 /T → G 2 /SU (3). In fact, because it is the quotient of a Lie group by an abelian subgroup, the manifold G 2 /T is stably framed.
As with G 2 , there are a variety of curious homogeneous spaces associated to F 4 . The chain of inclusions G 2 ⊂ Spin(7) ⊂ Spin(9) ⊂ F 4 is one source of such examples. The quotient F 4 /Spin(9) is the octonionic projective plane-its cohomology is drawn in Figure 4 . It is evidently string, but is not 5-brane by Proposition 2.7. The homogeneous space F 4 /G 2 is more subtle: its cohomology-see Figure 4 -is symmetric with respect to the full Steenrod algebra at every prime, but there remains a potential secondary obstruction to 5-brane orientability. Here we include a portrait of the subalgebra of the 2-primary Steenrod algebra generated by 
